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Abstract 
The mixed convection inside a trapezoidal lid-driven cavity for a circular cylinder heat source 
was numerically investigated via Ansys commercial program (ANSYS Fluent 2021 R2 and 2022 
R1). This study employed two distinct fluids, namely H2O and Water − Cu − Al2O3 hybrid 
nanofluid. The upper wall maintains a steady velocity while the lower wall stays motionless. 
Both walls remain cold. However, the inclined cavity walls are insulated via adiabatic 
insulation. The present investigation has undergone validation and comparison with previously 
published research, yielding a significant degree of correspondence with an average relative 
difference of around 1.62%. The outcomes comprise of three distinct Richardson number 
values: 0.01, 1, and 10, radius ratios of 0.20 and 0.25, four inner cylinder positions (center, 
right, top, bottom), and four inclination angles: 0°, 45°, 90°, and 180°. It is demonstrated 
that bottom position of (0, −0.12) is the desirable position with the largest mean Nusselt 
number across the angles (𝜑 = 0°, 45°, and 90°). When the position lies at the top (0, 0.12), 
and the angle is 180°, the maximum heat transfer rate is achieved. 
Keywords: mixed convection, hybrid nanofluid, lid-driven, heat transfer, trapezoidal cavity. 

1. Introduction 

Mixed convection heat transfer can take place in containers when the top wall, bottom wall, or 

both walls are in active motion. Authors have shown significant interest in lid-driven containers 

employing various geometries, boundary conditions, and improvement methods because of their 

crucial role in industrial applications. Applications of this technology include nuclear 

reactors, solar energy, and lubrication system technology [1]. The subject of mixed convection 

within lid-driven cavities was investigated using various heat transfer enhancing methods. 

Enhancing the base fluid's thermal conductivity by employing nanofluids and hybrid 

nanofluids [1-18] and porous media [19-29] is a very efficient approach among these 

methods. Other techniques involves utilizing vibrations or magnetic field within the cavity for 

various directions, including or excluding the use of nanofluids [30-49]. 

The current work uses the commercial Ansys program (ANSYS Fluent 2022 R1) to perform a 

numerical simulation of  mixed convection within an inclined trapezoidal cavity that is driven 

by a lid and filled with an H2O − Cu − Al2O3 hybrid nanofluid. The heat source includes a heated 

circular cylinder that is preserved at a constant temperature of Th. Both the moving top wall and 

the fixed bottom wall are subjected to isothermal cooling at a temperature of Tc and the cavity’s 

inclined walls are insulated using adiabatic methods. The upper wall maintains a steady velocity 

and the remaining walls are fixed. The Richardson number values studied in this work are as 

follows: (Ri=0.01, 1, and 10). The current work has selected two values for the radius ratio: 0.20 

and 0.25, four internal cylinder position (center, bottom, top, right), four values for the 

inclination angles: 0°, 45°, 90°, and 180° as well as four values for the hybrid nanoparticle 

volume percentages 𝜙 = 0%, 4%, 6%, and 8%. 

2. Theoretical Model 

2.1. Geometrical Configuration and Assumptions 

Numerical analysis of trapezoidal cavity heat transfer using two-dimensional, steady, and 

laminar mixed convection flow is performed. The fluid medium is presumed to be 
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incompressible and exhibits Newtonian behavior. The Boussinesq approximations are used to 

describe density-dependent temperature change and connect the temperature and flow fields. 

The dissipative effect from the viscous component is disregarded here. Heat generation is not 

accounted for. 

     Figure 1 graphically illustrates the physical domain of the trapezoid lid-driven system for 

each case considered in this work. The cavity has two parallel cold walls characterized by a 

constant temperature Tc. A constant velocity is being maintained within the positive x-direction 

of the top short wall. Furthermore, the sloped walls are insulated adiabatically. An isothermal 

heating is applied to the inner cylinder at Th. This study establishes two radius ratios by 

considering two different values of the radius of the inner cylinder ro. The cavity has an 

inclination angle of φ relative to the x-axis, resulting in an opposed flow condition where the 

free convection flow induced by the thermally non-homogeneity within the cavity’s boundaries 

is opposed by the shear flow resulting from the moving upper wall. 

 

 
Figure 1. Main Geometry. 

 2.2. Mathematical Equations and Formulation 

In their dimensionless form, the equations of conservation for mass, momentum and energy  are 

[53]: 
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So, for the dimensionless variables, the expressions become: 
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Table 1. It presents the boundary conditions in dimensionless form. The symbol 'n' serves as a 

representation of the perpendicular orientation to the sloped walls. 

Table 1. Boundary Conditions. 

 V U 𝚯 

Upper wall 0 1 0 

Lower wall 0 0 0 

Right & left walls 0 0 𝜕𝜃

𝜕𝑛
= 0 

Internal cylindrical wall 0 0 1 

2.3. Thermal and Physical Characteristics of the Fluid Medium 

Equations representing equivalent thermal characteristics were formulated and proven to be 

computationally efficient, as evidenced in [52-54]: 

 

𝜌ℎ𝑛𝑓 = (1 − 𝜑𝐶𝑢 − 𝜑𝐴𝑙2𝑂3
)𝜌𝑓 + 𝜑𝐶𝑢𝜌𝐶𝑢 + 𝜑𝐴𝑙2𝑂3

𝜌𝐴𝑙2𝑂3
                                                   (3.7)   
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Table 2. Thermal and Physical Characteristics of  H2O, Cu, Al2O3 and H2O- Cu -Al2O3 hybrid 

nanofluid [12]. 

Material 𝑘 (𝑊⁄𝑚. 𝐾) 𝐶𝑝 (𝐽⁄𝑘𝑔. 𝐾) 𝜌 (𝑘𝑔⁄𝑚3) 𝛽 (1⁄𝐾) 𝜇(𝑃𝑎. 𝑠) 

𝐻2𝑂 0.613 4179 997.1 21× 10−5 0.001003 

Cu 441 385 8933 1.67× 10−5 - 

𝐴𝑙2𝑂3 40 765 3970 0.85× 10−5 - 

H2O – Cu -  Al2O3 

(𝚽𝑪𝒖 = 𝟐% , 𝚽𝐀𝐥𝟐𝐎𝟑 =
𝟐%) 

0.6889 3398.183 1215.276 1.68× 10−4 0.00111076 

H2O – Cu -  Al2O3 

(𝚽𝑪𝒖 = 𝟑% , 𝚽𝐀𝐥𝟐𝐎𝟑 =
𝟑%) 

0.7293 3104.249 1324.364 1.527× 10−4 0.0011707 

H2O – Cu -    Al2O3 

(𝚽𝑪𝒖 = 𝟒% , 𝚽𝐀𝐥𝟐𝐎𝟑 =
𝟒%) 

0.7714 2855.052 1433.452 1.394× 10−4 0.001235 
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2.4. Grid Generation 

In two dimensional, grid computational generation allows for solving of the energy, momentum, 

and continuity equations of complex geometries. Volume meshing basically can be decomposed 

in to two types of approach that are structured grid and unstructured grid. These mathematical 

equations of structured grid are transformed into a surface-associated curvilinear coordinate 

system. However, for complicated geometries, mesh generation is necessary, which is time-

consuming and often necessitates adjustments to the model's design. Thus, it is an advantageous 

selection for uncomplicated shapes. Still, it gets excessively inefficient and necessitates plenty 

of time for complicated shapes. Thus, it has been omitted from the current research. Unstructured 

grids are often more appropriate for complicated geometries, hence they are utilized in this study. 

The current work used a non-uniform, triangular, and unstructured discretization grid, as 

illustrated in Fig. 2.  

2.5. Mesh Independence 

       An independency test for mesh has been carried out to determine the optimal number and 

size of mesh faces for this specific geometry. This study examines various element sizes: 1, 0.8, 

0.6, 0.4, and 0.3, for radius ratio of 0.25 and Reynolds number of 100. The discretization mesh 

is non-uniform, triangular, and unstructured. Figure 3 illustrates the fluctuation of the mean 

Nusselt number with the element size. The element size of 0.3 yields nearly equal outcomes for 

the Nusselt number. Eventually, a mesh size of 43,660 elements  had been used in this 

investigation as it represented the optimal balance between accuracy and computing efficiency. 

 
Figure 2. Mesh Generation. 
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Figure 3. Element size and mean Nusselt number convergence. 

2.6 Computational Approach 

The solving methods may identify many factors related to the calculation's employed solving 

approach. The mathematical equations, under the specified boundary conditions, were resolved 

utilizing the ANSYS commercial software (ANSYS Fluent 2022 R1). At first, a mesh is 

constructed, then the ANSYS Fluent employs the solving algorithm to sequentially resolve the 

mathematical equations utilizing the SIMPLE algorithm. Furthermore, the rate of turbulent 

dissipation, momentum, pressure, and turbulent kinetic energy were all second order upwind in 

terms of spatial discretization. The SIMPLE formula is often used for solving the equations of 

Navier Stokes. The local 𝑁𝑢 for the upper wall of the enclosure is presented by: 

𝑁𝑢𝐿 =
𝑘𝑒𝑓𝑓

𝑘𝑓

𝜕𝜃

𝜕𝑌
|

𝑌=1
                                          (14) 

 

The mean 𝑁𝑢 for the heated cylindrical moving wall is presented by:        

𝑁𝑢𝑚 = ∫ 𝑁𝑢𝐿(𝑋)

1

0

𝑑𝑋                                         (15) 

3. Code Validation 

       The current simulation technique was validated using the streamline and isotherm outcomes 

reported in the research by Khanafer et al. [51]. Table 3 compares the mean Nusselt number 

values obtained from both studies. This investigation focused on analyzing the mixed convection 

airflow within a square enclosure in which the lower wall is hot, housing an internal cylinder 

that is circular with a RR=0.2. The employed medium was air with a Prandtl number of 0.7. Four 

Richardson number values were selected for this validation. The outcomes of validation revealed 

that the mean Nusselt number values from both simulations were highly similar, with an average 

relative difference of 1.62%. 
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Table 3. Validation of mean Nusselt number values for of the current project with the project of 

Khanafer et al. [51] 

Richardson Number 𝑁𝑢𝑝𝑟𝑒𝑣𝑖𝑜𝑢𝑠[51] 𝑁𝑢𝑐𝑢𝑟𝑟𝑒𝑛𝑡 Relative Diff. (%) 

0.01 2.92 2.96 1.36% 

1 3.50 3.60 2.85% 

5 4.69 4.76 1.49% 

10 5.04 5.08 0.79% 
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Ri = 10 

Figure 4. Streamlines for the present simulation method (left) and Khanafer et al. work 

[51], (right). 
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Ri = 10                    

Figure 5. Isotherms for the present simulation method (left) and Khanafer et al. work [51], 

(right). 

4. RESULTS AND DISCUSSION 

4.1 Streamline Maps and Isotherm Maps 

      Figure 6 illustrates Richardson number’s influence over the flow lines and isothermal lines 

within a lid-driven hollow containing a hybrid nanoparticle volume percentage of 8% at various 

inclination angles (φ=0°, 45°, 90°, and 180°). In general, volume fractions, angles of inclination, 

as well as Richardson number have a significant influence on how flow lines and isothermal 

lines behave. The significance of natural convection in comparison to forced convection is 

indicated by the Richardson number, Ri=Gr/Re2. 

        Figure 6 indicates that, for an inclination angle of 0° and Richardson number value of 0.01, 

a primary vortex is present with its center situated in the cavity’s upper right side. The vortex 

rotation is clockwise, same direction as the motion. It spreads to the bottom right corner and 

appears to get stronger when Ri reaches 1 and 10, presumably due to the increased impacts of 

secondary flow caused by the intense free convection. In general, the fluid moves in the same 

direction by the moving wall. However, when the fluid comes into contact with the closest wall, 

its motion is changed to an opposed direction, creating a vortex, or a rotating motion.  

         When the Richardson number has a value of 0.01, the huge overall flow produced by the 

motion of the upper wall results in the primary flow pattern to fill the whole enclosure. Shear 

effects created by the movement of the upper wall are apparent at all inclination angles. 

Consequently, the isotherms showed a lack of development in the thermo-hydrodynamic 

boundary layers. Most of the isothermal lines were parallel with the thermal plum and weren't 

distorted. In the extensive recirculation zone, temperature gradients are minimal due to the 

efficient mixing of the liquid caused by the vigorous action of mechanically induced circulations. 

Consequently, the temperature variations within the enclosed region are minimal. As Richardson 

number rises, the temperature also rises, and the isothermal lines shift from the hot cylinder to 

the direction of the cold walls. As the Richardson number rises, the thermal plum becomes 

stronger. Its direction is primarily determined by the fluid type (both with and without the 

addition of hybrid nanoparticles), the Richardson number, and the inclination angle. Raising the 

Richardson number to 1 indicates that it is combined convection. In this case, there are two 

flows: the assisting flow and the opposing flow. When the main flow direction aligns with the 

buoyancy force direction (downward), the flow is termed assisting. When the direction of the 

inertia force (main flow) is upward, the flow is termed opposing. The type of flow is assisting in 

the current study.  

       Fig. 6 illustrates that when the inclination angle is 45°, the primary vortex spreads above the 

cylinder in alignment with the mobile wall at a Richardson number of 1. This indicates that the 

highest flow function is less strong when compared to the condition of the dominating forced 

convection at a Richardson number of 0.01. The intensity of the vortex amplifies with a rise in 

the main flow (by boosting the speed of the mobile wall and reducing Ri to 0.01), both with 

including and excluding the addition of hybrid nanoparticles within the base fluid. The vortex 
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splits into two powerful sections under conditions of a dominating free convection (Richardson 

number takes a value of 10) as a result of the strong free convection currents. 

      For an inclination angle of 90°, the pattern of streamlines closely resembles that for an 

inclination angle of 45°. The primary vortex divides into two weaker sections at a Richardson 

number of 1. However, the vortex remains powerful when the Richardson number is equal to 10, 

due to the dominant role of free convection. At a Richardson number of 0.01, the vortex appears 

more powerful than at a Richardson number of 1 but less so than at  Richardson number of 10. 

Incorporating hybrid nanoparticles within the base fluid at a high volume percentage for a 

Richardson number of 10, generates prominent vortices and small vortices. 

The streamlines within a lid-driven cavity including a bottom cylinder positioned with a radius 

ratio of 0.25 and an inclination angle of 180° are evident. The primary vortex is located beneath 

the heated cylinder and above the mobile wall at a Richardson number of 0.01, due to the 

increased shearing activity in this area resulting from a dominating forced convection. The 

vortex grows and expands with incorporating hybrid nanoparticles at a volume percentage of  

8%, due to the significant influence of the main flow created by the movement of the lower wall. 

The primary vortex is split into vortices of varying intensities as Richardson number increases 

to 1. The highest stream function arises at the base of the cavity, over the mobile wall. The 

behavior in closed cavities differs from that of an open conduit when the main flow is reduced 

at the cost of the secondary flow. Two prominent vortices are observed on both sides of the lid-

driven hollow. Compared to other Richardson number values, this is projected to produce a 

higher rate of heat transfer.  

        At a Richardson number of 10, the free convection takes over forced convection. Buoyancy 

enhances the main flow, hence strengthening convection flow as the Richardson number rises. 

Consequently, the isotherms intensify in proximity to the cold lid. Thermo-hydrodynamic 

boundary layer development will occur in parallel to the hot and cold walls. Furthermore, the 

highest temperature decreases, resulting in an increased heat transfer rate. Also, in the area close 

to the heated cylinder walls, it is clear that the isothermal lines created greater thermal gradients. 

The isothermal lines are spun around the heated cylinder, exhibiting curved lines capped by a 

thermal plume in a localized area adjacent to the hot wall. However, due to the dominant forced 

convection, these lines are distant from the hot cylinder surface and move closer to the 

cold walls. The generation of two plumes at a high Ri implies an increased rate of heat transfer 

inside a cavity that is lid-driven at an inclination angle of 180°. Increasing the percentage of 

volume for hybrid nanoparticles beyond 10%, is generally expected to cause a decrease in the 

liquid's thermal diffusivity as well as negative effects on flow stream and the transfer of heat 

within the cavity. 
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 φ = 0o φ = 45o φ = 90o φ = 180o 

Figure 6. Streamline maps and isotherm maps within a lid-driven cavity including a cylinder 

positioned at the bottom with RR = 0.25 and ϕ = 0.08. 

4.2 Mean Nusselt Number     

        Figure 7 illustrates the mean Nusselt number in relation to hybrid nanoparticles volume 

percentage for several Richardson number and cavity inclination angles (φ=0°, 45°, 90°, and 

180°). It has been noted that when the Richardson number rises, the mean Nusselt number for 

every volume fraction ranges rises as well. The mean Nusselt number values for φ=180° exceed 

those for all other angles of inclination when Ri is equal to 10 & hybrid nanoparticles volume 

percentage are: 0%, 4%, and 6%. This pattern becomes reversed at ϕ=8%, where an inclination 

angle of 0°, yields the highest mean Nusselt number compared to other inclination angles. 

Consequently, the fluid's energy exchange rates will increase, which will improve the flow's 

thermal dispersion. For Ri=0.01 and φ=45°, the mean Nusselt number is reduced as the volume 

percentage increases from 6% to 8%. The high concentration of hybrid nanoparticles and the 
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moving wall's slanted direction work together to reduce the rate of heat transfer. Identical 

behavior is detected when the Richardson number is equal to 10 and φ=180°. 

     
a.  φ = 0o                                                                                                                b.  φ = 45o 

    
                                  c. 𝜑 = 90o                                                                                                                 d.  φ = 180o 

Figure 7. The mean Nusselt number surrounding the inner cylinder for different hybrid 

nanoparticle volume percentages and inclination angles. 

4.3 Friction Losses     

        Figure 8 shows the pressure drop (indicating frictional losses) as a function of the volume 

percentage of hybrid nanoparticles, for various Richardson numbers (Ri) and cavity inclination 

angles (𝜑 = 0°, 45°, 90°, 180°). The pressure drop increases slightly for Ri values of 0.01 and 1, 

but significantly rises for Ri value of 10 as the hybrid nanoparticle volume percentage rises. This 

is due to the increased viscosity from the added hybrid nanoparticles, which increases shear 

stress and frictional losses. However, at Ri value of 10 and an inclination angle of 180°, the 

pressure drop decreases with a rise in hybrid nanoparticle volume percentage from 6% to %8. 

The pressure drop increases with the Richardson number (Ri) for angles of 𝜑 = 0°, 45°, and 90°, 

as shown in Figure 8. For Ri values of 0.01 and 1, pressure drop values are similar, suggesting 

they are effective in minimizing high pressure gradients. However, for Ri value of 10, the 

pressure drop is significantly higher, making it less desirable. In contrast, for an inclination angle 

of 180°, the behavior drastically changes. Mixed convection (Ri = 1) results in the lowest 

pressure drop, while forced convection (Richardson number has a value of 0.01) leads to the 

highest. Natural convection (Richardson number has a value of 10) falls in between these two 

cases. 
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b.  φ = 0o                                                                                                                b.  φ = 45o 

    
                                  c. 𝜑 = 90o                                                                                                                 d.  φ = 180o 

Figure 8. The pressure drop inside the cavity for different hybrid nanoparticle volume 

percentages and inclination angles. 

5. Conclusions  

1. The rate of heat transfer rises with the rise of Richardson number due to the increase of natural 

convection current. 

2. The process of heat transfer is generally improved as the volume percentage of 

hybrid nanoparticle rises. 

3. The growth in streamlines at Ri=1 and Ri=10 is far greater than when the Richardson number 

has a value of 0.01, particularly at an inclination angle of 0° and 180°. 

4. The highest values of the maximum stream function arise for a Richardson number that has a 

value of 10 at all inclination angles and hybrid nanoparticle volume percentages. 

5. Reducing the main flow at the cost of secondary flow in locked hollows produces behaviors 

contrary to that observed in open conduits. 

6. The thermal plume is observed to rotate clockwise over the heated cylinder as Ri rises from 

0.01 to 1. 

7. Average Nusselt number for an inclination angle of 180° exceeds those for the other angles of 

inclination at a Richardson number of 10 and hybrid nanoparticle volume percentages of 0%, 

4%, and 6%. This pattern is reversed at volume percentage of 8%, where an inclination angle of 

0° yields the highest mean Nusselt number compared to other inclination angles. 

8. It has been observed that the pressure drop rises as the Richardson number rises for an 

inclination angle of 0°, 45°, and 90° at Ri=10. 

9. At an inclination angle of 180°, the mixed convection (Richardson number has a value of 1) 

is the best case that results in the lowest pressure drop. Conversely, forced convection 

(Richardson number has a value of 0.01) is the worst case that results in the largest pressure 

drop. 

  

 

 

 

 



Mixed Convection Heat Transfer Inside a Lid-driven  
Trapezoidal Cavity For H2O − Cu − Al2O3 Hybrid Nanofluid 

 

998 
 

Abbreviations: 

 
Al2O3     = Aluminum Oxide 

 

H2O                                                                        = Water 

 

Cu    = Copper 

 

𝐶𝐹𝐷    = Computational Fluid Dynamics 

 

𝐺𝑟      = Grashof Number (
𝑔𝛽𝐿3(𝑇ℎ−𝑇𝑐)

𝜗𝑓
2  ) 

 

ℎ       = Convective Heat Transfer Coefficient  

                                                                                   (𝑊/𝑚2𝐾) 

 

  𝐶𝑝                                                                           = Specific Heat (𝐽 ⁄ 𝑘𝑔. 𝐾) 

  𝑘                                                                            = Thermal Conductivity (𝑊/𝑚. 𝐾) 

  𝑔                                                                            = Gravitational Acceleration (𝑚/𝑠2) 

 

𝑁𝑢    = Nusselt Number 

𝑃𝑟    = Prandtl Number (
𝜗𝑓

𝛼𝑓
) 

 

𝑅𝑒    = Reynolds Number (
𝑈𝑜 𝐿

𝜗𝑓
) 

 

𝑅𝑖   = Richardson Number (
𝐺𝑟

𝑅𝑒2) 

 

𝑅𝑅  = Radius Ratio 

 

𝑢   = Velocity in x-axis (𝑚/𝑠) 

 

  𝑈                                                                     = Non-Dimensional Velocity in x-axis 

 

   𝑈𝑜                                                         = Lid Velocity (m/s)                              

 

 𝑣                                                                             = Velocity in y-axis (𝑚/𝑠) 

 
 𝑉                                                                            = Non-Dimensional Velocity in y-axis 

 

 𝑇                                                                           = Temperature (𝐾) 

 

 𝑇+                                                                         = Dimensionless Temperature 

 

𝑃                                                                   = Dimensionless Pressure 
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 𝑥, 𝑦                                                                                = Space Coordinates  
 

 𝑋, 𝑌                                                                      = Dimensional Space Coordinates 

 

Greek Symbols: 

 

𝛼                                                                 = Thermal Diffusivity (𝑘/𝜌𝐶𝑝) 

 

𝜌                                                                 = Density (𝑘𝑔/𝑚3) 

 

𝛽                                                                 = Coefficient of Thermal Expansion (CTE) 

(1/𝑘)                                                                               

 

𝜇                                                                 = Absolute Viscosity (𝑃𝑎. 𝑠) 

 

𝜈                                                                 = Kinematical Viscosity (𝑚2/𝑠) 

 

𝜙                                                                 = Volume Percentage of Nanoparticles 

 

𝜑                                                                 = Angle of Inclination (°) 

 

Subscripts: 

 

 𝑓                                                                        = Base Fluid 

 

ℎ𝑛𝑓                                                               = Hybrid Nanofluid 

 

𝑇𝑐                                                               = Cold Temperature 

 

𝑇ℎ                                                               = Hot Temperature 
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